In this paper we address the following question: do the recent advances in the orbit determination of the major natural satellites of Saturn obtained with the analysis of the first data sets from the Cassini mission allow to detect the general relativistic gravitoelectric orbital precessions of such moons? The answer is still negative. The present-day down-track accuracy would be adequate for Mimas, Enceladus, Thetys, Dione, Rhea and Titan and inadequate for Hyperion, Iapetus and Phoebe. Instead, the size of the systematic errors induced by the mismodelling in the key parameters of the Saturnian gravitational field like the even zonal harmonics J ℓ are larger than the relativistic down-track shifts by about one order of magnitude, mainly for the inner satellites like Mimas, Enceladus, Thetys, Dione, Rhea, Titan and Hyperion. Iapetus and Phoebe are not sensibly affected by such kind of perturbations. Moreover, the bias due to the uncertainty in Saturn's GM is larger than the relativistic down-track effects for all such moons. Proposed linear combinations of the satellites' orbital elements would allow to cancel out the impact of the mismodelling in the low-degree even zonal harmonics and GM , but the combined down-track errors would be larger than the combined relativistic signature.
INTRODUCTION
A satisfactorily empirical corroboration of a fundamental theory requires that as many independent experiments as possible are conducted by different scientists in different laboratories. Now, general relativity is difficult to test, especially in the weak-field and slow-motion approximation, valid, e.g., in our Solar System, both because the relativistic effects are very small and the competing classical signals are often quite larger. Until now, Solar System tests of general relativity accurate to better than 1% have been performed by many independent groups only in the gravitational field of the Sun by checking the effects induced by the gravitoelectric 1 Schwarzschild part of the space-time metric on the propagation of electromagnetic waves and planetary orbital motions (Will 2006) . It is as if many independent experiments aimed to measure fundamental physical effects were ⋆ E-mail: lorenzo.iorio@libero.it 1 In regard to the much smaller gravitomagnetic Lense-Thirring precessions (Lense & Thirring 1918) of the planetary orbits, they lie just at the edge of the present-day accuracy in planetary ephemerides and have recently been found in agreement with the latest measurements, although the errors are still large (Iorio 2005a) .
conducted always in the same laboratory. Thus, it is worthwhile to try to use different laboratories, i.e. other gravitational fields, to perform such tests, even if their outcomes should be less accurate than those conducted in the Sun's field. In principle, the best candidates other than the Sun are the giant planets of the Solar System like Jupiter and Saturn.
The aim of this paper is to investigate if the recent improvements in the ephemerides of the major Saturnian satellites (see Table 1 for their orbital parameters) obtained from the first Cassini data allows to detect at least the general relativistic gravitoelectric precessions of their orbits.
THE EINSTEIN PERICENTRE PRECESSION
The gravitoelectric Einstein precession of the longitude of pericentre ̟ is (Einstein 1915 
where G is the Newtonian constant of gravitation, M is the mass of the central body which acts as source of the gravitational field, c is the speed of light in vacuum, a and e are the semimajor axis and the eccentricity, respectively, of the satellite's orbit and n = GM/a 3 is its Keplerian mean motion.
As it is well known, eq. (1) allowed to explain the Mercury's anomalous perihelion advance of 42.98 arcseconds per century ( ′′ cy −1 in the following) observed since the 19th century. Modern radar-ranging measurements of the planetary perihelia in the solar field yielded a 10 −3 accuracy (Shapiro et al. 1972 (Shapiro et al. , 1976 Shapiro 1990) . Hiscock & Lindblom (1979) preliminarily analyzed the possibility of measuring the Einstein pericenter precessions of some of the natural satellites of Jupiter and Saturn which are much larger than those of the planets.
The possibility of measuring the Einstein pericenter advance in the Earth's gravity field with passive artificial satellites tracked via laser ranging was preliminarily investigated by Rubincam (1977) and Cugusi & Proverbio (1978) . Ciufolini & Matzner (1992) analyzed the data of the LAGEOS satellite using the GEM-L2 (Lerch et al. 1985a; lerch et al. 1985b ) and GEM T1 (Marsh et al. 1988 ) Earth gravity models claiming a total accuracy of 20%, but such estimate seems to be too optimistic both because of the evaluation of the impact of the classical part of the Earth gravity field and of the treatment of the non-gravitational forces acting on the perigee of the LAGEOS-like satellites (Milani et al. 1987) . Moreover, the very small eccentricity of the LAGEOS orbit (e = 0.0045) makes its perigee badly defined. A more accurate and reliable test was proposed in (Iorio et al. 2002) by suitably combining the data from LA-GEOS and LAGEOS II and using the EGM96 Earth gravity model (Leomoine et al. 1998 ). The estimated total accuracy is of the order of 10 −3 . An analysis of the use of the perigee of LAGEOS II can be found in (Lucchesi 2003) ; the total error is estimated to be 2%. Hiscock & Lindblom (1979) envisaged the possibility of using geocentric drag-free spacecraft to measure the Einstein perigee precession. A step further concerning the use of dedicated terrestrial drag-free spacecraft for accurate tests of post-Newtonian gravity can be found in (Damour & Esposito-Farese 1994) .
THE MEAN ANOMALY
The Einstein pericentre precession is undoubtedly the most famous relativistic orbital effect, but it is not the only one. Indeed, also the mean anomaly M undergoes a secular ad-vance which is even larger than that experienced by the pericentre. For small eccentricities it is (Iorio 2005c )
Eq.
(2), which yields a rate of -130 arcseconds per century for Mercury, has been obtained by using the the standard isotropic radial coordinate r related to the Schwarzschild coordinate r ′ by r ′ = r(1 + GM/2c 2 r) 2 . The validity of eq.
(2) has also been numerically checked by integrating over 200 years the Jet Propulsion Laboratory (JPL) equations of motion of all the planets of the Solar System, which are written in terms of just the standard isotropic radial coordinate, with and without the gravitoelectric 1/c 2 terms in the dynamical force models (Estabrook 1971) in order to single out just the post-Newtonian gravitoelectric effects (E.M. Standish, private communication, 2004) . The obtained precessions fully agree with those obtainable from eq. (2). As a consequence, the mean longitude 2 λ = ̟ + Ω, which is one of the non-singular orbital elements used for orbits with small eccentricities and inclinations like those of most of the Solar System major bodies, experiences a secular advancė
It is twice the pericentre advance. On the other hand, the systematic uncertainty in the Keplerian mean motion n must be also accounted for if a secular rate must be extracted from the analysis of such an orbital element.
THE POSSIBILITIES OFFERED BY THE SATURNIAN SYSTEM
Is it possible to measure the gravitoelectric orbital precessions of the natural satellites of Saturn, in view of the recent refinements of their ephemerides obtained by analyzing the first data from the Cassini spacecraft? In this section we will address this problem in detail. To this aim, we must confront the magnitude of the relativistic effects of interest with the major systematic errors induced by classical forces having the same signatures, and with the currently available measurement accuracies.
The pericentres
In regard to the first issue, a major source of systematic bias is represented by the even zonal harmonic coefficients J ℓ , ℓ = 2, 4, 6, ... of the multipolar expansion of the Saturn's gravitational potential. Indeed, they induce secular precessions on ̟
where the coefficients̟ .ℓ are expressed in terms of the satellite's orbital parameters and have been explicitly worked out in (Iorio 2003) up to degree ℓ = 20. Such classical advances must be accurately modelled because they are much larger than the relativistic ones. Even the latest determinations of the Saturnian gravity field from some Cassini data sets (Jacobson et al. 2005) show that the currently available models of the even zonal harmonics do not reach the required accuracy to allow for a measurement of the Einstein precessions. This fact is clearly shown by Table 2 . Indeed, we can note that for Mimas the mismodelled classical precessions induced by the first four even zonal harmonics are quite larger than the relativistic rates. The same happens to Enceladus for the first three even zonals. The Einstein precessions of Thetys, Dione and Titan are masked by the first two even zonal harmonics. For Rhea and Hyperion only J2 is dangerous, while the relativistic precessions of Iapetus and Phoebe are larger than all the residual classical rates. A way to overcome the problem of the impact of the even zonals is represented by the linear combination approach (Iorio 2005c ) summarized in the following. Let us write down the expressions of the measured residuals 3 of the longitudes of pericentre δ̟meas of N chosen satellites in terms of the classical precessions due to the mismodelled parts of the even zonal harmonics and of the Einstein precessions, assumed as totally unmodelled features of motion
.ℓ δJ ℓ +̟ (j) GE ν, j = 1, 2..N.
If we look at eq. (10) as a inhomogeneous algebraic system of N linear equations in the N unknowns {δJ ℓ ; ν} and solve it for ν, we get a linear combination of the satellites' pericentre residuals which, by construction, is independent of the first N − 1 even zonal harmonics and is sensitive just to the relativistic signatures and to the perturbations of the remaining, uncancelled even zonal harmonics. The cancellation of the low-degree even zonals is important also because in this way one avoids any possible a priori 'imprint' of the relativistic effects themselves via such spherical harmonics. Indeed, the Saturnian gravity field models are obtained as least-square solutions using all the available data from the spacecraft encounters and the satellites' motions around Saturn, so that the relativistic effects themselves are in some way included in the solved-for parameters like {J ℓ }.
In view of the fact that the eccentricities of Titan, Hyperion, Iapetus and Phoebe are relatively large (see Table  1 ) so that ̟ could be determined, and that for the other satellites all the classical precessions represent a large part of the relativistic ones, we could try to combine the pericentres of Titan, Hyperion, Iapetus and Phoebe to cancel out the impact of J2, J4 and J6. A possible combination is 
It turns out that the systematic relative error due to the uncancelled J8 amounts to
In principle, the result of eq. (8) is very important because it shows that it is possible to reduce one of the major systematic errors to a very small level. Of course, the practical implementation of the combination eq. (6) is another matter of fact. It is crucial to assess the realistic precision with which it would be possible to determine the satellites' pericentre rates over a given observational time span; such errors ∆̟ should be combined as
The mean longitudes
An analogous approach could be followed with the mean longitude λ. Table 3 tells us that the situation with respect to the even zonal harmonics is similar to the pericentres. In addition to the bias due to the {J ℓ }, for the mean longitude there is also the systematic error induced on the Keplerian mean motion n by the uncertainty in the Saturn's GM which, as can be seen, is larger than the relativistic shifts for all the satellites. Since it is common to all satellites, it is possible to cancel its impact by writing down
.ℓ δJ ℓ +λ (j) GE ξ, j = 1, 2..N, (10) whereλ .ℓ are the coefficients of the classical precessions of degree ℓ of the mean longitude and
In this case, the resulting combination for ξ would be insensitive, by construction, to the mismodelling in GM and to the first N −2 even zonal harmonics. A possible combination which cancels out δJ2, δJ4 and δ(GM ) is Table 2 . Longitudes of pericentre of the major Saturnian satellites: general relativistic gravitoelectric secular precessions̟ GE , in ′′ cy −1 , mismodelled classical secular precessions δ̟ J 2 , δ̟ J 4 , δ̟ J 6 , δ̟ J 8 , in ′′ cy −1 , due to the uncertainties in the even zonal harmonics J 2 , J 4 , J 6 , J 8 of the Saturnian gravitational field. The values δJ 2 = 0.4 × 10 −6 , δJ 4 = 3 × 10 −6 , δJ 6 = 10 × 10 −6 , δJ 8 = 10 × 10 −6 (Jacobson et al. 2005 ) have been used. 
In regard to the feasibility of such a measurement, it is useful to consider the downtrack shifts ∆τ ∼ a∆λ and the presentday accuracy according to the latest Saturnian ephemerides SAT240 (Jacobson 2006 ) over 81 years. The results are in Table 4 It can be noted that the situation is presently not favorable just for the satellites used for the combination of eq. (12). This fact reflects on eq. (12): indeed the total uncertainty calculated by summing in quadrature the errors δ(∆τ ) of Table 4 with the coefficients (13) is ∼ 10 3 times larger than the gravitoelectric shift over 81 years. About the use of the inner satellites, for which the relativistic shifts ∆τGE are larger than the errors δ(∆τ ), Table  3 shows that it is not possible to use their mean longitudes without combining them because both the even zonal mismodelled shifts and the bias of n are quite larger. On the other hand, it turns out that also the linear combination approach does not yield good results. Indeed, the root-sumsquare of the errors of a combination with Enceladus, Dione, Rhea and Titan is 10 3 times larger of the relativistic combined shifts.
DISCUSSION AND CONCLUSIONS
In regard to the measurability of the general relativistic orbit advances in the Saturn's system of natural satellites, it turns out that the present-day improvements in their ephemerides by the Cassini spacecraft are not yet sufficient to detect such post-Newtonian effects. As a general rule, an about one order of magnitude improvement in the knowledge of the parameters of the Saturnian gravity field like the even zonal harmonics J ℓ and GM would be required to make the relativistic precessions larger than the competing classical bias. This would make possible to successfully analyze the single orbital elements of Mimas, Enceladus, Thetys, Dione, Rhea and Titan because the present-day downtrack errors are smaller than the relativistic shifts. The use of Hyperion, Iapetus and Phoebe, for which the Saturnian even zonals represent a relatively less important problem, is strictly related to a one-two orders of magnitude improvements in the downtrack parts of their orbits. The linear combination approach can yield, in principle, good results in reducing the impact of the mismodelling in the even zonals and GM , provided that the down-track accuracy is greatly improved Table 4 . Major Saturnian satellites: gravitoelectric downtrack shifts ∆τ GE ∼ a∆λ GE , in km, and presentday orbital accuracy, in km, over a time span of 81 years (Jacobson 2006 
